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1.1. Be stars
Classical Be stars are non-supergiant B stars which have shown
one or more Balmer emission lines over the time period during
which they have been observed. Be stars are believed to rotate
close to the critical velocity at which their equatorial velocity
equals the orbital speed. However, recent studies suggest that
they may in fact not be critically rotating (Cranmer, 2005).
The ﬁrst star to be identiﬁed as a Be star was c Cas in 1866Research Institute of Astron-
ypt. Mobile: +20 116997507.
ca (G. Hamed).
ational Research Institute of
g by Elsevier
ng by Elsevier B.V. on behalf of N
.015when Angelo Secchi noticed a Balmer emission line in its spec-
trum instead of an absorption line (Porter and Rivinius, 2003).
These emission lines are believed to be due to the presence of
an equatorial disk around the star formed via outﬂow of
photospheric gas. However the mechanism of disk formation
is still unknown (Porter and Rivinius, 2003). There is good evi-
dence that Be star disks are supported by Keplerian rotation
(Hummel and Vrancken, 2000), and this was conﬁrmed for a
Ara by interferometric observations (Meilland et al., 2007).
Zorec and Briot (1997) made a statistical study of the fre-
quency of Be stars among main sequence B stars taking into
account many uncertainties that might affect the count of Be
stars. They found that, overall, 17% of non-supergiant B type
stars are Be stars. However, this frequency varies widely with
the spectral type, from 27% for B0, the hottest spectral sub-
class, to only 8% for B9, the coolest spectral subclass. The
maximum frequency is 34% for B1 stars. It also seems that
low metallicity clusters have a higher frequency of Be stars,
suggesting that metallicity affects the occurrence of a disk
(Maeder et al., 1999).ational Research Institute of Astronomy and Geophysics.
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law dependence on the radius as q  rn (Waters, 1986). Some
models consider density to be decreasing exponentially in the
perpendicular direction (for example Marlborough, 1969; Poe-
ckert and Marlborough, 1978), and these models are based on
the assumption that the disks are in vertical hydrostatic equi-
librium. The value of the power-law index n has been con-
strained to be between 2 and 4 by modeling the observed IR
spectral energy distributions of Be stars from IRAS, while
radio continuum observations suggest values for n higher than
4. This can be explained by ﬂaring or cooling of the disk in
outer regions (Taylor et al., 1987).
1.2. IR disk emission
Be stars show excess in IR radiation relative to that expected
from the central B star alone. This excess is due to the free–free
and free–bound emission from the circumstellar disk (Woolf
et al., 1970; Gehrz et al., 1974; Waters, 1986).
Electron scattering of photospheric light is the main contri-
bution to the disk’s emission in the optical region of the
continuum.
2. Observed IR excess
To quantitatively predict the IR excess of Be stars, Waters
(1986) developed a formula for the optical depth of the disk
along the line of sight,
svðqÞ ¼ Emd
Z
x2nþ1ðx2  q2Þ1=2dx; ð1Þ
where q is the impact parameter (which is the perpendicular
distance from the line of sight to the center of the star in units
of R*), and Emd is an optical depth parameter deﬁned by
Emd ¼ XkXd ; ð2Þ
where
Xk ¼ k2 ð1 e
hv=KTÞ
ðhv=KTÞ ðgðm;TÞ þ bðm;TÞÞ ð3Þ
and
Xd ¼ 4:923 1035z2T3=2l2cq2R ð4ÞTable 1 Stellar parameters of a Ara and f Tau.
Star a Ara f Tau
Spectral Type B3Vc B3V
V (mag) 2.9b 3.00a
Eﬀective temperature (K) 18044c 19340c
Mass (Mx) 9.6
b 11.2d
Luminosity (Lx) 2200
b 7400e
Radius (Rx) 4.8
b 5.5d
Distance (pc) 81c 136c
References:
a Quirrenbach et al. (1997).
b Chesneau et al. (2005).
c Meilland et al. (2009).
d Gies et al. (2007).
e Carcioﬁ et al. (2009).Here k is the wavelength in cm, m is the frequency in Hz,
g(m,T) is the free–free Gaunt factor, b(m,T) is the free–bound
Gaunt factor, z2 is the mean value of the square of the
atomic charge, c is the ratio between the numbers of elec-
trons and ions, l is the mean atomic weight in proton mass
units, R* is the stellar radius in R*, T is the temperature in
K, and qo is the disk base density. From the previous equa-
tions, we can see the dependence of the optical depth of the
disk on the square of the wavelength, and this explains the
apparent increase in the size of the disk and excess ﬂux with
the increasing wavelength. The disk optical depth is also
strongly affected by the disk base density (qo) and the ion-
ization state of the disk gas (c). We shall directly demon-
strate these effects in Section 5.3. Near IR images of Be stars
3.1. Interferometric studies
Optical interferometry results from the coherent combination of
visible or IR light collected by several telescopes. Due to the
atmospheric turbulence, the diffraction limit of large, single,
ground-based telescopes is never achieved, and all stars remain
unresolved point sources. We can obtain much better angular
resolution by using interferometers with large baselines. In the
case of optical interferometry, the angular resolution is set by
k/B where k is the observing wavelength and B is the baseline,
which is the distance between the telescopes (Scho¨ller, 2003).
An interferometer measures the complex visibility deﬁned
as
Vðfy; fz; kÞ  jvðfy; fz;;kÞjeiuðfy ;fz ;kÞ ð5Þ
¼
eIkðfy; fz; ÞeIkð0; 0Þ ; ð6Þ
where I˜k (fy and fz) is the Fourier transform of the monochro-
matic brightness distribution projected on the sky, Ik(y,z), and
fy and fz are the spatial frequencies in Fourier space deﬁned by
f ¼ Bproj
k
ð7Þ
where Bproj is the baseline projected on the sky (Chesneau and
Rivinius, 2005). The rotation of the Earth changes the projected
baseline on the sky allowing different spatial frequencies to be
observed. This is called (u,v) plane coverage (Stee et al., 2005).
An interferometer consists of: (1) at least two telescopes,
and they should be of the same type with their mirrors oriented
the same way and have the same coatings; three or more tele-
scopes are advantageous, however, as they introduce an addi-
tional constraint during the closure phase between pairs of
telescopes; (2) delay lines which are responsible for compensat-
ing for the optical path difference which results when different
parts of the wavefront fall on different telescopes at different
times; and (3) beam combiners which are responsible for get-
ting the beams from the telescopes close together in order
for them to interfere.
When light beams interfere, the interference pattern creates
fringes, and the contrast of the fringes determines the modulus
of the visibility – see Eq. (5) (Scho¨ller, 2003).
In the ﬁeld of Be stars, interferometric observations can
place strong constraints on models of the circumstellar disks
Table 2 Interferometric observations of a Ara and f Tau.
Star Instrument JD Baseline (m) k (lm) FWHM (mas) Modele
a Ara VLTI/MIDIa 2453840.65972 126.8 12 3.6 ± 1.8 UED
VLTI/MIDIa 2453841.82569 129.6 12 6.0 ± 2.3 UED
VLTI/MIDIa 2453924.67778 120.7 12 8.1 ± 0.6 UED
VLTI/MIDIa 2453840.65972 126.8 8 2.7 ± 1.1 UED
VLTI/MIDIa 2453841.82569 129.6 8 3.9 ± 1.4 UED
VLTI/MIDIa 2453924.67778 120.7 8 5.5 ± 0.3 UED
VLTI/AMBERb 2453728.86528 52.5 2.1 7.6 ± 1.4 UED
f Tau VLTI/MIDIa 2454842.65 127.3 12 5.7 ± 2.2 UED
VLTI/MIDIa 2454842.65 127.3 8 <2.6 UED
CHARAc 2452830.5 249 2.1 1.79 ± 0.07 GD
CHARAd 2454417.0 248 1.7 1.662 ± 0.042 GD
CHARAd 2454419.0 248 1.7 1.527 ± 0.045 GD
CHARAd 2454423.8 331 1.7 1.410 ± 0.025 GD
CHARAd 2454421.4 331 1.7 1.599 ± 0.036 GD
CHARAd 2454736.9 331 1.7 1.633 ± 0.031 GD
CHARAd 2454810.8 331 1.7 1.116 ± 0.061 GD
CHARAd 2455145.9 331 1.7 2.057 ± 0.060 GD
References:
a Meilland et al. (2009).
b Meilland et al. (2007).
c Gies et al. (2007).
d Schaefer et al. (2010).
e UED, uniform elliptical disk; GD, Gaussian disk.
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(e.g. the Fourier transform of a synthetic Be star image) to
interferometric visibilities (Tycner, 2011). These observations
can also detect asymmetries in the disk to ﬁnd over-density
regions and provide information about the rotational velocity
of the disk (Tycner, 2010). One of the most important results
obtained through interferometric observation of Be stars was
the detection of Keplerian motion of the disk of a Ara by
Meilland et al. (2007).Fig. 1 Theoretical image of f Tau at k= 1.6 lm constructed
using BERAY, with the star parameters: B3V, Teff = 18,000 K
and disk parameters: qo = 5 · 1011 g cm3, n= 3, i = 80, and
Rd = 20 R*.Many Be star disks have been resolved using long-baseline
interferometry at IR wavelengths, and apparent disk sizes for
the stars have been measured at different wavelengths (Gies
et al., 2007; Meilland et al., 2008, 2009; Schaefer et al.,
2010). For a stable disk, we expect that a unique disk density
model (q, n and Rd) should be able to explain the observed
change in the disk size with wavelength. Next, we review the
observations and ﬁtted disk sizes for the two well-studied Be
stars, f Tau and a Ara.Fig. 2 Same as Fig. 1 but for k= 4.8 lm.
Fig. 3 Same as Fig. 1 but for k= 9 lm.
Fig. 4 Same as Fig. 1 but for k= 18 lm.
Fig. 5 Theoretical image of a Ara at k= 1.6 lm constructed
using BERAY with the star parameters: B3V, Teff = 18,000 K and
disk parameters: qo = 1 · 1010 g cm3, n= 2, i= 55, and
Rd= 5 R*.
Fig. 6 Same as Fig. 5 but for k= 4.8 lm.
128 G. Hamed, T.A.A. Sigut3.2. f Tau
Tau (HR 1910, HD 37202, V= 3.0) is a Be star whose pub-
lished luminosity class and spectral type are both uncertain
(Schaefer et al., 2010). Estimates for the luminosity class of
Tau range from III to V, and for its spectral class, from B2
to B4 (Meilland et al., 2009). We adopt a B3V model with
Teff = 18,000 K, R= 5.5 R*, and M= 11.2 Mx. We also as-
sume f Tau is viewed at an inclination angle 87 and lies at a
distance of 136 pc (Quirrenbach et al., 1997; Meilland et al.,
2009; Touhami et al., 2011). These stellar parameters are given
in Table 1. It is believed that f Tau is a binary with a period of
132.91 days. The companion is a hot subdwarf with
Teff = 30,000 K, R= 1 Rx, and M= 1Mx (Gies et al.,
2007).
Gies et al. (2007) made K0-band (k= 2.1 lm) long baseline
interferometric observations for f Tau using the CHARAArray. The disk was resolved in their observations, and they
calculated theoretical models for the star using the disk model
of Hummel and Vrancken (2000). To do so, they solved the
transfer equation to construct theoretical images of the star
for different inclinations, base densities, and density expo-
nents, assuming that the disk is isothermal with temperature
Tdisk = 0.6 Teff. They Fourier transformed these images to
get the interferometric visibilities of the models, and they ﬁtted
the model disk parameters with the observed visibilities. They
found a FWHM of 1.99 mas (milli-arcseconds) for a single
B2IIIe star with a thick disk model. They also ﬁt the K0 visibil-
ities with a Gaussian ellipsoidal model getting a value of
1.79 ± 0.07 mas for the disk’s FWHM.
Meilland et al. (2009) observed f Tau in the N band
(k= 7.5–14.5 lm) using VLTI/MIDI, and they ﬁt a uniform
Fig. 7 Same as Fig. 5 but for k= 9 lm.
Fig. 8 Same as Fig. 5 but for k= 18 lm.
Theoretical infrared continuum images for Be star disks 129disk for the circumstellar envelope. The disk was re-solved at
k= 12 lm where the length of the disk’s major axis found
to be 5.7 ± 2.2 mas. The disk was unresolved at k= 8 lm
so they put an upper limit on the length of the major axis of
the disk of 2.6 mas.
Schaefer et al. (2010) used the MIRC beam combiner at the
CHARA Array to perform multi-epoch interferometric obser-
vations for f Tau, and they were able to resolve the disk during
four observational epochs. They ﬁt a uniform disk for the cen-
tral star and a skewed elliptical Gaussian for the disk to ac-
count for the asymmetry they detected in the closure phases.
They modulated the Gaussian with a sinusoid as a function
of the projected azimuth (or position angle) so that the bright-
ness distribution of the disk will peak on one side and have a
depression on the other. They found that the FWHM for the
major axis of the disk ranges between 1.6 and 2.1 mas for
different epochs, but they were unable to determine if thisvariation is due to a true change in the size of the disk. Touh-
ami et al. (2011) adopted the weighted average of the disk
FWHM in the H band (k= 1.7 lm) to be 1.61 ± 0.05 mas.
A summary of all available observations is presented in Table 2.
3.3. a Ara
a Ara (HD158 427, HR6510, V= 2.9) is a B3V star whose
Teff = 18,040 K, R= 4.8 Rx, M= 9.6 Mx, and d= 81 pc
(Chesneau et al., 2005; Meilland et al., 2009). These parame-
ters can be found in Table 1. It has an unseen companion
which is thought to have a mass ranging between 1.4 and
2.8 Mx, suggesting that its spectral type is F2-4V or A2-4V
(Chesneau et al., 2005). Meilland et al. (2007) observed a
Ara in the Brc emission line and in the K-band continuum
using the AMBER/VLTI instrument on February 23–24,
2005. Adopting a model for a B3Ve star, Teff = 18,000 K,
R= 4.8 Rx whose angular size is equal to 0.7 mas, and
assuming the system was viewed at i= 45, they ﬁt an unre-
solved star plus a uniform disk to the observations and ﬁnd
that the size of the disk in the K-band continuum is
7.3 ± 2 mas. Meilland et al. (2009) used VLTI/MIDI to make
N band interferometric observations of a Ara, and they were
able to resolve the circumstellar disk at k= 8 lm and
k= 12 lm. They adopted a model for a B3V star and ﬁtted
a uniform disk ﬁnding a disk size of 5.8 ± 0.8 mas at
k= 8 lm and 8.2 ± 1.2 mas at k= 12 lm. They noticed that
the size of the disk does not vary signiﬁcantly with increasing
wavelengths, and they attribute this to a high-density disk
truncated by a companion. A summary of the observations
is presented in Table 2.
3.4. Calculations
The BEDISK code of Sigut and Jones (2007) was used to cal-
culate the thermal and ionization structure for various disks
surrounding f Tau and a Ara. The density distribution in the
plane of the disk was assumed to be of the form
q(R) = qo(R*/R)
n. In the case of f Tau, we assumed it is a
B3Ve star with Teff = 18,000 and calculated a range of models
with the following parameters: base densities qo = 1 · 1010,
1 · 1011 and 5 · 1011 g cm3; inclinations 70, 80 and 87;
disk radii 10, 15 and 20 R*; and power-law indices 2, 3 and
4. Then the BERAY code of Sigut (2011) was used to construct
monochromatic images for these models on the sky for wave-
lengths ranging from 0.5 to 50 lm. BERAY solves the radia-
tive transfer equation along a series of rays through the
model and provides the monochromatic intensity at each grid
point in the image. A Matlab code was then used to plot the
theoretical monochromatic image on the sky. Example images
for f Tau can be seen in Figs. 1–4.
A similar procedure was done in the case of a Ara where we
assumed it to be a B3V star with Teff = 18,000. We made a
range of models combining the following disk parameters:
n= 2, 3 and 4; qo = 1 · 1010, 1 · 1011, 2.5 · 1011,
5 · 1011, 7.5 · 1011 g cm3; disk radii Rd = 5, 10, 15 and
20 R*; and inclination angles i= 45, 55 and 75. Examples
for the theoretical monochromatic images of a Ara can be seen
in Figs. 5–8.
To compare these models with the observations, we took
horizontal cuts through the major axes of the images and ﬁtted
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Fig. 9 Fitted models to the cuts along the major axis of the f Tau images (blue lines) and best ﬁts for a star + a Gaussian disk (red lines)
of Eqs. (8)–(10). The wavelength of each image (in lm) is shown to the left of each panel.
130 G. Hamed, T.A.A. Siguta uniform disk plus a Gaussian envelope to these cuts in the
case of f Tau. The ﬁtting function was taken to be
IðxÞ ¼ cI  ðxÞ þ ð1 cÞIDðxÞ; ð8Þ
where
IðxÞ
¼ Io ifjxj 6 R
¼ 0 otherwise; ð9Þ
and
IDðxÞ ¼ ex2=r2 ð10Þ
Here Io is the central star’s photospheric intensity, ID is the
intensity of the disk, c is a parameter giving the contrast be-
tween the star and the disk, and r is the standard deviation
of the Gaussian disk which is related to its size. As R* and
Io are known, we ﬁt for c and r. The FWHM of the Gaussian,
2.354 r, was taken to be the the length of the disk’s major axis
(see Fig. 9).We did the same for a Ara, ﬁtting a star plus a uni-
form elliptical disk to the cuts, taking the width of the ellipse as
the length of the major axis of the disk (Fig. 10). In this case,
we replaced Eq. (10) with
IDðxÞ ¼
ID if jxj 6 Rd
¼ 0 otherwise; ð11Þ
where Rd is the radius of the disk.The Gaussian disk is the best model to describe a disk
whose intensity is falling gradually outwards. Therefore we
used it to model the disk of f Tau where we had a large disk
whose intensity was falling toward the edges (see the blue lines
in Fig. 9). In the case of a Ara, we have a small, dense disk
with a uniform brightness distribution, and this is best mod-
eled by a uniform disk (see the blue lines in Fig. 10).
3.5. Results
We used the observations of Table 2 to choose the best models
to represent f Tau and a Ara by comparing the observed disk
sizes with the theoretical ones at the available wavelengths. A
Matlab code was used to process all the above mentioned
models, taking the cuts through the major axis of the images
and calculating the disk size as a function of wavelength using
Eqs. (9)–(11). Then another Matlab code was used to choose
the models that ﬁt the observations best.
For f Tau, there were no models ﬁtting all the observations;
therefore, we chose models that ﬁt the observations at 2.1 and
12 lm that were also quite close to the observations at 1.7 lm
and the upper limit at 8 lm (see Fig. 11). The discrepancy be-
tween the models and the observations at these two wave-
lengths may be because of the variability of the star since the
observations were taken at different epochs. All these best-ﬁt
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Fig. 10 Fitted models to the cuts along the major axis of the a Ara images (blue lines) and best ﬁts for a star + a uniform elliptical disk
(red lines) of Eqs. 8, 9, 11. The wavelength of each image (in lm) is shown to the left of each panel.
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n= 3, qo = 5 · 1011 g cm3, Rd = 10 R* and i= 80.
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5 · 1011 g cm3; power-law indices of 2 and 3; and disk radii
ranging from 10 to 20 R*. All of them had an inclination angle
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of the ellipse. The lines are labeled by the model index (n), q, Rd,
and inclination. Observational data are from Table 2.
Table 3 Best models ﬁtting f Tau. These models are shown in
Fig. 11.
Power-law
index
qo (g cm
3) Disk
radius (R*)
Inclination
angle
2.0 1.0 · 1011 15.0 80
3.0 5.0 · 1011 15.0 80
3.0 5.0 · 1011 20.0 80
3.0 5.0 · 1011 10.0 80
Table 4 Best models ﬁtting a Ara. These models are shown in
Fig. 13.
Power-law index qo (g cm
3) Disk radius (R*) Inclination angle
2.0 1.0 · 1010 5.0 55
2.0 1.0 · 1010 5.0 75
2.0 2.5 · 1011 5.0 55
2.0 2.5 · 1011 5.0 75
2.0 5.0 · 1011 5.0 55
2.0 5.0 · 1011 5.0 75
2.0 7.5 · 1011 5.0 55
2.0 7.5 · 1011 5.0 75
3.0 1.0 · 1010 5.0 55
3.0 1.0 · 1010 5.0 75
3.0 5.0 · 1011 5.0 75
3.0 7.5 · 1011 5.0 55
3.0 7.5 · 1011 5.0 75
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Fig. 14 Same as Fig. 12 for a Ara. The model has the parameters
n= 2, qo = 1 · 1010 g cm3, Rd= 5 R* and i= 55.
132 G. Hamed, T.A.A. Sigutof 80. These models are summarized in Table 3.The model
that was closest to all the observations had the parameters:
n= 3, qo = 5 · 1011 g cm3, Rd = 10 R*, and i= 80 (see
Fig. 12). For all these models, the disk size showed a signiﬁcant
increase with wavelength as expected since the free–free opac-
ity is proportional to the wavelength squared. This effect can
be seen in Figs. 1–4.There were 13 models ﬁtting all the available observations
for a Ara (see Fig. 13). All these models were for small, dense
disks with disk radii of 5 R* and base densities ranging from
2.5 · 1011 to 1 · 1010 g cm3 and with power-law indices
of 2 and 3, viewed at inclination angles of 55 and 75 (see
Table 4). It can be seen from Fig. 13 that there is no signiﬁcant
increase in the size of the disk with increasing wavelengths.
This can also be seen for the images for one of these models
in Figs. 5–8. This is perhaps due to truncation by tidal interac-
tions with a binary companion (Chesneau et al., 2005; Stee and
Meilland, 2007; Meilland et al., 2007, 2009). In Fig. 14 we pres-
ent an example of the disk size of a Ara as a function of wave-
length with the disk parameters n= 2, qo = 1 · 1010 g cm3,
Rd = 5 R*, and i= 55.
4. Conclusions
We used the BEDISK and BERAY codes to construct the-
oretical images for the Be stars f Tau and a Ara projected
on the plane of the sky. We calculated the sizes of the disks
of these two stars and compared them with available inter-
ferometric observations. We found that the models best
describing a Ara are dense, small disks, with a power-law
index of 2 or 3, viewed at an inclination angle between
55 and 75. These models were best ﬁtted by a uniform
disk because this dense disk had a uniform brightness distri-
bution. The models we found to best ﬁt f Tau’s observations
were for large disks with intermediate base densities viewed
at an inclination angle of 80 with power-law index of 2 or
3. These disks were best described by a Gaussian disk model
because the brightness distribution of this disk diminished
toward the outer edge.
The lack of signiﬁcant change in the observed size of the
disk of a Ara between the 2.1 and the 12 lm may be explained
by the dense, truncated disk model. The discrepancy between
the model and the observations of f Tau at 1.7 and 8 lm
may be attributed to the different epochs of observations at
the four wavelengths and the lack of more available observa-
tions. More observations at different wavelengths are needed
to further constrain the models.
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